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COUNTING DIRAC BRAID RELATORS AND HYPERELLIPTIC
LEFSCHETZ FIBRATIONS
HISAAKI ENDO AND SEIICHI KAMADA
Abstract. We define an invariant w for hyperelliptic Lefschetz fibrations over
closed oriented surfaces, which counts the number of Dirac braids included
intrinsically in the monodromy, by using chart description introduced by the
second author. As an application, we prove that two hyperelliptic Lefschetz
fibrations of genus g over a given base space are stably isomorphic if and only
if they have the same numbers of singular fibers of each type and they have
the same value of w if g is odd. We also give examples of pair of hyperelliptic
Lefschetz fibrations with the same numbers of singular fibers of each type
which are not stably isomorphic.
1. Introduction
Since the seminal works of Donaldson [7] and Gompf [18] in 1998, Lefschetz fibra-
tions have been investigated from various viewpoints. Several kinds of equivalence
classes of a Lefschetz fibration such as isomorphism class, diffeomorphism type,
homeomorphism type, and homotopy type, and their relations have been studied
by many authors. The above work of Donaldson together with a theorem of Gompf
[17] implies that there exists a Lefschetz fibration with prescribed fundamental
group, which means the classification of all homotopy types of Lefschetz fibrations
is not possible in principle. Baykur [4] proved that any symplectic 4-manifold which
is not a rational or ruled surface, after sufficiently many blow-ups, admits an ar-
bitrary number of nonisomorphic Lefschetz fibrations of the same genus (see also
Park and Yun [32], [33]). It clarified a significant difference between isomorphism
classes and diffeomorphism types. Two Lefschetz fibrations of the same genus over
a given base space are called stably isomorphic if they become isomorphic after
fiber-summed with the same number of copies of a ‘universal’ Lefschetz fibration.
Auroux [1] obtained a sufficient condition for two Lefschetz fibrations over the 2-
sphere each of which admits a section to be stably isomorphic. Hasegawa, Tanaka,
and the authors [10] relaxed Auroux’s condition to obtain a necessary and sufficient
condition for two Lefschetz fibrations over a closed surface to be stably isomorphic.
Thus the stable isomorphism problem, in contrast to the isomorphism one, turned
out to be within reach.
Hyperelliptic Lefschetz fibrations are Lefschetz fibrations for which the image
of the monodromy is included in the hyperelliptic mapping class group. They are
considered to be a natural generalization of elliptic surfaces because several prop-
erties are common to these two kinds of fibrations. For instance, many of fibrations
can be obtained by branched covering construction, the signature of a fibration
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localizes on the singular fibers, typical fibrations are used as building blocks for
constructions of more complicated fibrations and 4–manifolds, etc (see Siebert and
Tian [35], Fuller [15], Endo [8], and Endo and Nagami [12]). Although the classi-
fication of isomorphism classes of irreducible hyperelliptic Lefschetz fibrations was
partially established in genus two case by Siebert and Tian [36], it seems there is
little prospect for a complete classification of isomorphism classes of hyperelliptic
Lefschetz fibrations. In fact, there are infinitely many distinct Lefschetz fibrations
of genus two with the same numbers of singular fibers of each type (see Baykur and
Korkmaz [5], cf. Ozbagci and Stipsicz [30] and Korkmaz [27]).
In the present paper, we define a Z2–valued invariantw for hyperelliptic Lefschetz
fibrations over closed oriented surfaces by using chart description introduced by the
second author [21] (Definition 5.1 and Proposition 5.3). This invariant counts the
number of ‘Dirac braids’ included intrinsically in the monodromy representation
of a hyperelliptic Lefschetz fibration of genus g. The Dirac braid is a full twist
on all strands in the (2g + 2)-string braid group B2g+2(S
2) of a 2-sphere, which
corresponds to a Dehn twist around all marked points in the mapping class group
M0,2g+2 of a 2-sphere with 2g + 2 marked points, and to a maximal chain relator
in the hyperelliptic mapping class group Hg of a connected closed oriented surface
of genus g, under natural homomorphisms (see §3.1 for details). The relator r4
in M0,2g+2 corresponding to the Dirac braid is called the Dirac braid relator (see
§3.2). The proof of the invariance of w under chart moves is the most technical
part of this paper (Proposition 4.2 and Proposition 4.4). We expect the invariant w
to coincide with a Z2-valued invariant for hyperelliptic Lefschetz fibrations of odd
genus mentioned by Auroux and Smith [3] (Remark 5.8). Employing the invariant
w, we prove that two hyperelliptic Lefschetz fibrations of genus g over a given base
space are stably isomorphic if and only if they have the same numbers of singular
fibers of each type and they have the same value of w if g is odd (Theorem 5.6). Two
hyperelliptic Lefschetz fibrations of genus g over a given base space are called stably
isomorphic if they become isomorphic after fiber-summed with the same number
of copies of a hyperelliptic Lefschetz fibration on CP2#(4g + 5)CP
2
, which is a
natural generalization of the rational elliptic surface E(1) (Definition 5.4). We also
give examples of pair of hyperelliptic Lefschetz fibrations with the same numbers
of singular fibers of each type which are not stably isomorphic (Example 6.3 and
Example 6.4).
2. Lefschetz fibrations and hyperelliptic structures
In this section we review a precise definition and basic properties of Lefschetz
fibrations and introduce a notion of hyperellipticity for Lefschetz fibrations. See
also Matsumoto [29], Gompf and Stipsicz [18], and Endo and Kamada [11].
2.1. Lefschetz fibrations and their monodromies. We begin with a precise
definition of Lefschetz fibration. Let Σg be a connected closed oriented surface of
genus g.
Definition 2.1. Let M and B be connected closed oriented smooth 4–manifold
and 2–manifold, respectively. A smooth map f : M → B is called a(n achiral)
Lefschetz fibration of genus g if it satisfies the following conditions:
(i) the set ∆ ⊂ B of critical values of f is finite and f is a smooth fiber bundle
over B −∆ with fiber Σg;
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(ii) for each b ∈ ∆, there exists a unique critical point p in the singular fiber Fb :=
f−1(b) such that f is locally written as f(z1, z2) = z1z2 or z¯1z2 with respect to some
local complex coordinates around p and b which are compatible with orientations
of M and B;
(iii) no fiber contains a (±1)–sphere.
We call M the total space, B the base space, and f the projection. We call p
a critical point of positive type (resp. of negative type) and Fb a singular fiber of
positive type (resp. of negative type) if f is locally written as f(z1, z2) = z1z2 (resp.
f(z1, z2) = z¯1z2) in (ii). For a regular value b ∈ B of f , f
−1(b) is often called a
general fiber.
Definition 2.2. Let f : M → B and f ′ : M ′ → B be Lefschetz fibrations of genus
g over the same base space B. We say that f is isomorphic to f ′ if there exist
orientation preserving diffeomorphisms H : M →M ′ and h : B → B which satisfy
f ′ ◦ H = h ◦ f . If we can choose such an h isotopic to the identity relative to a
given base point b0 ∈ B, we say that f is strictly isomorphic to f
′.
LetMg be the mapping class group of Σg, namely the group of all isotopy classes
of orientation preserving diffeomorphisms of Σg. We assume that Mg acts on the
right : the symbol ϕψ means that we apply ϕ first and then ψ for ϕ, ψ ∈Mg.
Let f : M → B be a Lefschetz fibration of genus g as in Definition 2.1. Take
a base point b0 ∈ B −∆ and an orientation preserving diffeomorphism Φ: Σg →
F0 := f
−1(b0). Since f restricted over B −∆ is a smooth fiber bundle with fiber
Σg, we can define a homomorphism
ρ : π1(B −∆, b0)→Mg
called the monodromy representation of f with respect to Φ (see Matsumoto [29,
§2]). Let γ be the loop based at b0 consisting of the boundary circle of a small disk
neighborhood of b ∈ ∆ oriented counterclockwise and a simple path connecting a
point on the circle to b0 in B − ∆. It is known that ρ([γ]) is a Dehn twist along
some essential simple closed curve c on Σg. The curve c is called the vanishing cycle
of the critical point p on f−1(b). If p is of positive type (resp. of negative type),
then the Dehn twist is right-handed (resp. left-handed).
A singular fiber is said to be of type I if the vanishing cycle is non-separating and
of type IIh for h = 1, . . . , [g/2] if the vanishing cycle is separating and it bounds
a genus–h subsurface of Σg. A singular fiber is said to be of type I
+ (resp. type
I−, type II+h , type II
−
h ) if it is of type I and of positive type (resp. of type I and of
negative type, of type IIh and of positive type, of type IIh and of negative type).
We denote by n+0 (f), n
−
0 (f), n
+
h (f), and n
−
h (f), the numbers of singular fibers of f
of type I+, I−, II+h , and II
−
h , respectively. A Lefschetz fibration is called irreducible
if every singular fiber is of type I. A Lefschetz fibration is called chiral if every
singular fiber is of positive type.
Suppose that the cardinality of ∆ is equal to n. A system A = (A1, . . . , An)
of arcs on B is called a Hurwitz arc system for ∆ with base point b0 if each Ai is
an embedded arc connecting b0 with a point of ∆ in B such that Ai ∩ Aj = {b0}
for i 6= j, and they appear in this order around b0 (see Kamada [22]). When B is
a 2-sphere, the system A determines a system of generators of π1(B −∆, b0), say
(a1, . . . , an). We call (ρ(a1), . . . , ρ(an)) a Hurwitz system of f . It is easy to see that
ρ is determined by (ρ(a1), . . . , ρ(an)).
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2.2. Hyperelliptic structures. We next introduce a notion of hyperellipticity for
Lefschetz fibrations (cf. Endo [8, Definition 4.2]).
Let ι be the isotopy class of a hyperelliptic involution I, an involution on Σg with
2g+2 fixed points, andHg the centralizer of ι inMg, which is called the hyperelliptic
mapping class group of Σg with respect to ι. Let ζ1, . . . , ζ2g+1, σ1, . . . , σ[g/2] be
right-handed Dehn twists along simple closed curves c1, . . . , c2g+1, s1, . . . , s[g/2] on
Σg depicted in Figure 1, respectively. We suppose that c1, . . . , c2g+1, s1, . . . , s[g/2]
are invariant under I and thus ζ1, . . . , ζ2g+1, σ1, . . . , σ[g/2] belong to Hg.
c1
c2
c3 c4 c2g
c2g+1
c2 c2h c2h+2 c2g
sh
Figure 1. Simple closed curves on Σg
Definition 2.3. Let f : M → B be a Lefschetz fibration of genus g, ∆ the set of
critical values of f , and b0 ∈ B − ∆ a base point. Take an orientation preserv-
ing diffeomorphism Φ: Σg → f
−1(b0) and consider the monodromy representation
ρ : π1(B−∆, b0)→Mg of f with respect to Φ. The pair (f,Φ) is called a hyperel-
liptic Lefschetz fibration (and Φ is called a hyperelliptic structure on f) if the image
of ρ is included in Hg. Let Φ,Φ
′ : Σg → f
−1(b0) be hyperelliptic structures on f .
We say that Φ is equivalent to Φ′ if the isotopy class of (Φ′)−1 ◦ Φ belongs to Hg.
Definition 2.4. Let f : M → B and f ′ : M ′ → B be Lefschetz fibrations of
genus g over the same base space B, ∆ and ∆′ the sets of critical values of f
and f ′, and b0 ∈ B − ∆ and b
′
0 ∈ B − ∆
′ base points for f and f ′, respectively.
Take orientation preserving diffeomorphisms Φ: Σg → f
−1(b0) and Φ
′ : Σg →
f ′−1(b′0) and suppose that the pairs (f,Φ) and (f
′,Φ′) are hyperelliptic Lefschetz
fibrations. We say that (f,Φ) is H–isomorphic to (f ′,Φ′) if there exist orientation
preserving diffeomorphismsH : M →M ′ and h : B → B which satisfy the following
conditions: (i) f ′ ◦H = h ◦ f ; (ii) h(b0) = b
′
0; (iii) H |f−1(b0) ◦ Φ is a hyperelliptic
structure on f ′ equivalent to Φ′. If we can choose such an h isotopic to the identity
relative to a given base point b0, we say that (f,Φ) is strictly H–isomorphic to
(f ′,Φ′). If (f,Φ) is H–isomorphic (resp. strictly H–isomorphic) to (f ′,Φ′), then f
is isomorphic (resp. strictly isomorphic) to f ′.
The next lemmas easily follow from theorems of Matsumoto [29, Theorem 2.4,
Theorem 2.6] (see also Kas [25, Theorem 2.4]).
Lemma 2.5. Suppose that g is greater than one. Let (f,Φ) and (f ′,Φ′) be hyperel-
liptic Lefschetz fibrations of genus g as in Definition 2.4, and ρ : π1(B−∆, b0)→ Hg
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and ρ′ : π1(B −∆
′, b′0) → Hg the monodromy representations of f and f
′ with re-
spect to Φ and Φ′, respectively.
(1) (f,Φ) is H–isomorphic to (f ′,Φ′) if and only if there exist an orientation
preserving diffeomorphism h : B → B and an element α of Hg which satisfies the
following conditions: (i) h(∆) = ∆′; (ii) h(b0) = b
′
0; (iii) ρ
′(h#(γ)) = α
−1ρ(γ)α for
every γ ∈ π1(B −∆, b0).
(2) (f,Φ) is strictly H–isomorphic to (f ′,Φ′) if and only if there exist an orienta-
tion preserving diffeomorphism h : B → B and an element α of Hg which satisfies
the conditions (i), (ii), (iii), and (iv) h is isotopic to the identity relative to a given
base point b0.
Lemma 2.6. Suppose that g is greater than one. Let ρ : π1(B −∆, b0)→ Hg be a
homomorphism and A = (A1, . . . , An) a Hurwitz arc system for ∆ with base point
b0. We assume that ρ(a1), . . . , ρ(an) are Dehn twists along simple closed curves on
Σg for the system of generators (a1, . . . , an) of π1(B−∆, b0) determined by A. Then
there exists a hyperelliptic Lefschetz fibration (f,Φ) of genus g as in Definition 2.3
with monodromy representation ρ.
For any (α1, . . . , αn) ∈ (Hg)
n such that each αi is a Dehn twist, there exists
a hyperelliptic Lefschetz fibration (f,Φ) of genus g over S2 with Hurwitz system
(α1, . . . , αn) by Lemma 2.6. We call such (f,Φ) a hyperelliptic Lefschetz fibration
determined by (α1, . . . , αn).
Two isomorphic hyperelliptic Lefschetz fibrations need not be H–isomorphic.
We give a sufficient condition for isomorphic hyperelliptic Lefschetz fibrations to
be H–isomorphic.
Let (f,Φ) and (f ′,Φ′) be hyperelliptic Lefschetz fibrations of genus g as in Def-
inition 2.4, and ρ and ρ′ their monodromy representations as in Lemma 2.5.
Proposition 2.7. Suppose that the image of ρ is Hg. Then f is isomorphic to f
′
if and only if (f,Φ) is H–isomorphic to (f ′,Φ′).
Proof. The ‘if’ part is obvious. We show the ‘only if’ part. Since f is isomorphic to
f ′, there exist an orientation preserving diffeomorphism h : B → B and an element
α of Mg which satisfies the following conditions (see Matsumoto [29, Theorem
2.4]): (i) h(∆) = ∆′; (ii) h(b0) = b
′
0; (iii) ρ
′(h#(γ)) = α
−1ρ(γ)α for every γ ∈
π1(B − ∆, b0). We will show that α belongs to Hg, which implies that (f,Φ) is
H–isomorphic to (f ′,Φ′) by Lemma 2.5.
For any i = 1, . . . , 2g + 1, there exists an element γi of π1(B −∆, b0) such that
ρ(γi) = ζi because the image of ρ is Hg. Then we have
α−1ζiα = α
−1ρ(γi)α = ρ
′(h#(γi)) ∈ Hg
from (iii). This implies that α−1ζiα = ι
−1α−1ζiαι and thus (ci)A is isotopic to
((ci)A)I by [14, Fact 3.6], where A is an orientation preserving diffeomorphism on
Σg representing α. Since ci is invariant under I, (ci)(AIA
−1I−1) is isotopic to ci.
Hence there exists a diffeomorphism F on Σg isotopic to the identity such that
(ci)(AIA
−1I−1F ) = ci for every i by virtue of [14, Lemma 2.9]. Since Σg − (c1 ∪
· · · ∪ c2g+1) is a disjoint union of two open disks, AIA
−1I−1F is isotopic to either
the identity or I by [14, Proposition 2.8]. If AIA−1I−1F is isotopic to I, then we
obtain ι = 1, which is a contradiction. Therefore AIA−1I−1F is isotopic to the
identity and we have α ∈ Hg. This completes the proof. 
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3. Chart descriptions
In this section we introduce chart descriptions for hyperelliptic Lefschetz fibra-
tions by employing finite presentations of hyperelliptic mapping class groups and
two other groups. General theories of charts for presentations of groups were devel-
oped independently by Kamada [23] and Hasegawa [19]. We use the terminology
of chart description in Kamada [23].
3.1. Three finite presentations. We first review finite presentations of three
groups related with hyperelliptic Lefschetz fibrations.
Fadell and Van Buskirk [13] proved that the braid group of a 2–sphere is just
the braid group of a 2–disk with a single additional relation.
Theorem 3.1 ((Fadell–Van Buskirk [13])). Suppose that g is positive. The (2g+2)–
string braid group B2g+2(S
2) of a 2–sphere is generated by elements x1, x2, . . . , x2g+1
and has defining relations:
(1) xixj = xjxi (1 ≤ i < j − 1 ≤ 2g);
(2) xixi+1xi = xi+1xixi+1 (i = 1, . . . , 2g);
(3) x1x2 · · ·x2g+1x2g+1 · · ·x2x1 = 1.
Magnus [28] obtained a presentation of the mapping class group of a 2–sphere
with marked points, which is essentially the same as the following one.
Theorem 3.2 ((Magnus [28], cf. Birman–Hilden [6])). Suppose that g is posi-
tive. The mapping class group M0,2g+2 of a 2–sphere with 2g + 2 marked points is
generated by elements ξ1, ξ2, . . . , ξ2g+1 and has defining relations:
(1) ξiξj = ξjξi (1 ≤ i < j − 1 ≤ 2g);
(2) ξiξi+1ξi = ξi+1ξiξi+1 (i = 1, . . . , 2g);
(3) ξ1ξ2 · · · ξ2g+1ξ2g+1 · · · ξ2ξ1 = 1;
(4) (ξ1ξ2 · · · ξ2g+1)
2g+2 = 1.
Birman and Hilden [6] considered the mapping class group of the orbit space of
the involution I on Σg, which is a 2–sphere with 2g+2 marked points, to obtain a
presentation of the hyperelliptic mapping class group of Σg.
Theorem 3.3 ((Birman–Hilden [6])). Suppose that g is positive. The hyperelliptic
mapping class group Hg of Σg is generated by elements ζ1, ζ2, . . . , ζ2g+1 and has
defining relations:
(1) ζiζj = ζjζi (1 ≤ i < j − 1 ≤ 2g);
(2) ζiζi+1ζi = ζi+1ζiζi+1 (i = 1, . . . , 2g);
(3) (ζ1ζ2 · · · ζ2g+1ζ2g+1 · · · ζ2ζ1)
2 = 1;
(4) (ζ1ζ2 · · · ζ2g+1)
2g+2 = 1;
(5) [ζ1, ζ1ζ2 · · · ζ2g+1ζ2g+1 · · · ζ2ζ1] = 1.
Let g be a positive integer. Since the homomorphism from B2g+2(S
2) toM0,2g+2
which sends xi to ξi is surjective, we have a central extension
1 −→ Z2 −→ B2g+2(S
2) −→M0,2g+2 −→ 1
of M0,2g+2 with kernel generated by the Dirac braid ∆2g+2 = (x1x2 · · ·x2g+1)
2g+2
(see Gillette and Van Buskirk [16]). We have another central extension
1 −→ Z2 −→ Hg
π
−→M0,2g+2 −→ 1
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ofM0,2g+2 with kernel generated by the isotopy class ι = ζ1ζ2 · · · ζ2g+1ζ2g+1 · · · ζ2ζ1
of the hyperelliptic involution I, where the homomorphism π : Hg →M0,2g+2 sends
ζi to ξi.
3.2. Chart descriptions. We make use of the above presentations to introduce
notions of chart which give graphic description of monodromy representations of
Lefschetz fibrations. We first recall a general definition of chart given by Kamada
[23].
Let X be a set and R and S sets of words in X ∪ X−1. Let C := (X ,R,S) be
the triple consisting of X , R and S, and G the group with presentation 〈X |R〉.
Let B be a connected closed oriented surface and Γ a finite graph in B such that
each edge of Γ is oriented and labeled an element of X . Choose a simple path γ
which intersects with edges of Γ transversely and does not intersect with vertices of
Γ. For such a path γ, we obtain a word wΓ(γ) in X ∪X
−1 by reading off the labels
of intersecting edges along γ with exponents as in Figure 2 (a). We call the word
wΓ(γ) the intersection word of γ with respect to Γ. Conversely, we can specify the
number, orientations, and labels of consecutive edges in Γ by indicating a (dashed)
arrow intersecting the edges transversely together with the intersection word of the
arrow with respect to Γ (see Figure 2 (b) and (c)).
γ
x y x z y
(a)
w
(b)
w
(c)
Figure 2. Intersection word wΓ(γ) = w = xy
−1x−1zy
For a vertex v of Γ, a small simple closed curve surrounding v in the counter-
clockwise direction is called a meridian loop of v and denoted by mv. The vertex
v is said to be marked if one of the regions around v is specified by an asterisk. If
v is marked, the intersection word wΓ(mv) of mv with respect to Γ is well-defined.
If not, it is determined up to cyclic permutation. See Kamada [23] for details.
Definition 3.4. A C–chart in B is a finite graph Γ in B (possibly being empty
or having hoops that are closed edges without vertices) whose edges are labeled an
element of X , and oriented so that the following conditions are satisfied:
(1) the vertices of Γ are classified into two families: white vertices and black
vertices;
(2) if v is a white vertex (resp. a black vertex), the word wΓ(mv) is a cyclic
permutation of an element of R∪R−1 (resp. of S).
A white vertex v is said to be of type r (resp. of type r−1) if wΓ(mv)
−1 is a cyclic
permutation of r ∈ R (resp. of r−1 ∈ R−1). A black vertex v is said to be of type s
if wΓ(mv) is a cyclic permutation of s ∈ S. A C–chart Γ is said to be marked if each
white vertex (resp. black vertex) v is marked and wΓ(mv) is exactly an element of
R ∪R−1 (resp. of S). If a base point b0 of B is specified, we always assume that
a chart Γ is disjoint from b0. A chart consisting of two black vertices and one edge
connecting them is called a free edge. A subchart of a C–chart Γ is the intersection
of Γ with a compact 2–dimensional submanifold of B.
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Remark 3.5. It would be worth noting that the intersection word of a ‘clockwise’
meridian of a white vertex of type r is equal to r, while that of a ‘counterclockwise’
meridian of a black vertex of type s is equal to s in this paper (see also [10]).
Let Γ be a C–chart in B with base point b0 and ∆Γ the set of black vertices of
Γ.
Definition 3.6. For a loop η in B −∆Γ based at b0, the element of G determined
by the intersection word wΓ(η) of η with respect to Γ does not depend on a choice
of representative of the homotopy class of η. Thus we obtain a homomorphism
ρΓ : π1(B −∆Γ, b0)→ G, which is called the homomorphism determined by Γ.
Let ∆ be a finite subset of B and b0 a base point of B −∆.
Definition 3.7. A homomorphism from π1(B−∆, b0) toG is called aG–monodromy
representation. A loop ℓ in B − ∆ based at b0 is called a meridional loop if it is
obtained from a meridian loop mv of a point v of ∆ by connecting with b0 along a
path n in B−∆, namely: ℓ = n−1 ·mv · n. We denote by M(B,∆, b0; C) the set of
G–monodromy representations ρ : π1(B −∆, b0)→ G such that ρ([ℓ]) is conjugate
to the element of G determined by an element of S for every meridional loop ℓ. For
a C–chart Γ in B with base point b0 and the black vertices ∆Γ, the homomorphism
ρΓ determined by Γ belongs to M(B,∆Γ, b0; C).
Theorem 3.8 ((Kamada [23], Hasegawa [19])). For any G–monodromy represen-
tation ρ : π1(B −∆, b0)→ G belonging to M(B,∆, b0; C), there exists a C–chart Γ
such that ρΓ = ρ.
We next introduce several moves for charts. Let Γ and Γ′ be two C–charts on B
and b0 a base point of B.
Let D be a disk embedded in B − {b0}. Suppose that the boundary ∂D of D
intersects Γ and Γ′ transversely.
Definition 3.9. We say that Γ′ is obtained from Γ by a chart move of type W
if Γ ∩ (B − IntD) = Γ′ ∩ (B − IntD) and that both Γ ∩ D and Γ′ ∩ D have no
black vertices. We call chart moves of type W shown in Figure 3 (a), (b), and
(c), a channel change, a birth/death of a hoop, and a birth/death of a pair of white
vertices, respectively.
x
x
x
x
(a) x
empty
(b)
r r−1
(c)
Figure 3. Chart moves of type W
Let s and s′ be elements of S. Suppose that there exists a word w in X ∪ X−1
such that two words s′ and wsw−1 determine the same element of G.
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Definition 3.10. If a C–chart Γ contains a black vertex of type s, then we can
change a part of Γ near the vertex by using a local replacement depicted in Figure
4 to obtain another C–chart Γ′. We say that Γ′ is obtained from Γ by a chart move
of transition. Note that the box labeled T can be filled only with edges and white
vertices.
s s′ w
w
s
T
Figure 4. Chart move of transition
Definition 3.11. We say that Γ′ is obtained from Γ by a chart move of conjugacy
type if Γ′ is obtained from Γ by a local replacement depicted in Figure 5.
b0 b0 x b0 b0 x
Figure 5. Chart moves of conjugacy type
Let ∆ and ∆′ be finite subsets of B, and b0 and b
′
0 base points of B − ∆ and
B −∆′, respectively.
Definition 3.12. Let ρ : π1(B − ∆, b0) → G and ρ
′ : π1(B − ∆
′, b′0) → G be
G–monodromy representations. We say that ρ is equivalent to ρ′ if there exist an
orientation preserving diffeomorphism h : B → B and an element α of G which
satisfies the following conditions: (i) h(∆) = ∆′; (ii) h(b0) = b
′
0; (iii) ρ
′(h#(γ)) =
α−1ρ(γ)α for every γ ∈ π1(B −∆, b0). If we can choose such an h isotopic to the
identity relative to a given base point b0, we say that ρ is strictly equivalent to ρ
′.
We state a classification theorem for G–monodromy representations in terms of
charts and chart moves.
Theorem 3.13 ((Kamada [23], Hasegawa [19])). Let Γ and Γ′ be C–charts in B,
and ρΓ : π1(B −∆Γ, b0) → G and ρΓ′ : π1(B −∆Γ′ , b
′
0) → G the homomorphisms
determined by Γ and Γ′, respectively.
(1) ρΓ is equivalent to ρΓ′ if and only if Γ is transformed into Γ
′ by a finite
sequence of the following moves: (i) chart moves of type W; (ii) chart moves of
transition; (iii) chart moves of conjugacy type; and (iv) sending Γ to Γ′ by orien-
tation preserving diffeomorphisms h : B → B which satisfies h(b0) = b
′
0.
(2) ρΓ is strictly equivalent to ρΓ′ if and only if Γ is transformed into Γ
′ by a
finite sequence of the moves (i), (ii), (iii), and (iv) provided that h is isotopic to the
identity relative to a given base point b0.
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We now define three explicit Cs corresponding to three groupsM0,2g+2, B2g+2(S
2),
and Hg.
For the group M0,2g+2, we set
C0 := (X0,R0,S0),
X0 := {ξ1, ξ2, . . . , ξ2g+1},
R0 := {r1(i, j) | 1 ≤ i < j − 1 ≤ 2g} ∪ {r2(i) | i = 1, . . . , 2g} ∪ {r3, r4},
S0 := {ℓ0(i)
±1 | i = 1, . . . , 2g + 1} ∪ {ℓ±1h |h = 1, . . . , [g/2]}
for g ≥ 1, where
r1(i, j) := ξiξjξ
−1
i ξ
−1
j (1 ≤ i < j − 1 ≤ 2g),
r2(i) := ξiξi+1ξiξ
−1
i+1ξ
−1
i ξ
−1
i+1 (i = 1, . . . , 2g),
r3 := ξ1ξ2 · · · ξ2g+1ξ2g+1 · · · ξ2ξ1, r4 := (ξ1ξ2 · · · ξ2g+1)
2g+2,
ℓ0(i) := ξi (i = 1, . . . , 2g + 1), ℓh := (ξ1ξ2 · · · ξ2h)
4h+2 (h = 1, . . . , [g/2]).
The relator r4 corresponds to the Dirac braid and it is called the Dirac braid relator.
Vertices of types ℓ0(i)
±1, r1(i, j), r2(i), r3, r4, ℓh in C0–charts are depicted in Figure
6 and Figure 7, where the label ξi is denoted by i for short.
i
i
i
j i
j i
j i
j
=
i
i+1
i i+1
i
i+1
Figure 6. Vertices of type ℓ0(i)
±1, r1(i, j), r2(i)
1
2g + 1
2g + 1
1
2g + 1
1
2g + 1
1
2g + 1
1
1
2h
1
2h
1
2h
Figure 7. Vertices of type r3, r4, ℓh
For the group B2g+2(S
2), we set
C˜ := (X˜ , R˜, S˜),
X˜ := {x1, x2, . . . , x2g+1},
R˜ := {r˜1(i, j) | 1 ≤ i < j − 1 ≤ 2g} ∪ {r˜2(i) | i = 1, . . . , 2g} ∪ {r˜3},
S˜ := {ℓ˜0(i)
±1 | i = 1, . . . , 2g + 1} ∪ {ℓ˜±1h |h = 1, . . . , [g/2]}
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for g ≥ 1, where
r˜1(i, j) := xixjx
−1
i x
−1
j (1 ≤ i < j − 1 ≤ 2g),
r˜2(i) := xixi+1xix
−1
i+1x
−1
i x
−1
i+1 (i = 1, . . . , 2g),
r˜3 := x1x2 · · ·x2g+1x2g+1 · · ·x2x1,
ℓ˜0(i) := xi (i = 1, . . . , 2g + 1), ℓ˜h := (x1x2 · · ·x2h)
4h+2 (h = 1, . . . , [g/2]).
Vertices of types ℓ˜0(i)
±1, r˜1(i, j), r˜2(i), r˜3, ℓ˜h in C˜–charts are similar to those
of types ℓ0(i)
±1, r1(i, j), r2(i), r3, ℓh in C0–charts (cf. Figure 6 and Figure 7),
respectively.
For the group Hg, we set
Cˆ := (Xˆ , Rˆ, Sˆ),
Xˆ := {ζ1, ζ2, . . . , ζ2g+1},
Rˆ := {rˆ1(i, j) | 1 ≤ i < j − 1 ≤ 2g} ∪ {rˆ2(i) | i = 1, . . . , 2g} ∪ {rˆ3, rˆ4, rˆ5},
Sˆ := {ℓˆ0(i)
±1 | i = 1, . . . , 2g + 1} ∪ {ℓˆ±1h |h = 1, . . . , [g/2]}
for g ≥ 1, where
rˆ1(i, j) := ζiζjζ
−1
i ζ
−1
j (1 ≤ i < j − 1 ≤ 2g),
rˆ2(i) := ζiζi+1ζiζ
−1
i+1ζ
−1
i ζ
−1
i+1 (i = 1, . . . , 2g),
rˆ3 := (ζ1ζ2 · · · ζ2g+1ζ2g+1 · · · ζ2ζ1)
2, rˆ4 := (ζ1ζ2 · · · ζ2g+1)
2g+2,
rˆ5 := [ζ1, ζ1ζ2 · · · ζ2g+1ζ2g+1 · · · ζ2ζ1],
ℓˆ0(i) := ζi (i = 1, . . . , 2g + 1), ℓˆh := (ζ1ζ2 · · · ζ2h)
4h+2 (h = 1, . . . , [g/2]).
Vertices of types ℓˆ0(i)
±1, rˆ1(i, j), rˆ2(i), rˆ4, ℓˆh in Cˆ–charts are similar to those
of types ℓ0(i)
±1, r1(i, j), r2(i), r4, ℓh in C0–charts (cf. Figure 6 and Figure 7),
respectively. Vertices of types rˆ3 and rˆ5 in Cˆ–charts are depicted in Figure 8, where
the label ζi is denoted by i for short.
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
i
i
Figure 8. Vertices of type rˆ3 and rˆ5
Let B be a connected closed oriented surface and Γ a chart in B. We denote the
number of white vertices of type rˆ1(i, j) (resp. rˆ2(i), rˆ3, rˆ4, rˆ5) minus the number
of white vertices of type rˆ1(i, j)
−1 (resp. rˆ2(i)
−1, rˆ−13 , rˆ
−1
4 , rˆ
−1
5 ) included in Γ
by m1(i, j)(Γ) (resp. m2(i)(Γ), m3(Γ), m4(Γ), m5(Γ)). Similarly, we denote the
number of black vertices of type ℓˆ0(i)
±1 (resp. ℓˆ±1h ) included in Γ by n
±
0 (i)(Γ) (resp.
n±h (Γ)), and set n0(i)(Γ) := n
+
0 (i)(Γ) − n
−
0 (i)(Γ) (resp. nh(Γ) := n
+
h (Γ) − n
−
h (Γ))
and n±0 (Γ) :=
∑2g
i=0 n
±
0 (i)(Γ).
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3.3. Charts and hyperelliptic Lefschetz fibrations. Combining Lemma 2.5
and Lemma 2.6 with Theorem 3.8 and Theorem 3.13 for Cˆ–charts, we obtain clas-
sification theorems for hyperelliptic Lefschetz fibrations in terms of Cˆ–charts.
Proposition 3.14. Suppose that g is greater than one.
(1) Let (f,Φ) be a hyperelliptic Lefschetz fibration of genus g over B and ρ the
monodromy representation of f with respect to Φ. Then there exists a Cˆ–chart Γ in
B such that the homomorphism ρΓ determined by Γ is equal to ρ.
(2) For every Cˆ–chart Γ in B, there exists a hyperelliptic Lefschetz fibration (f,Φ)
of genus g over B such that the monodromy representation of f with respect to Φ
is equal to the homomorphism ρΓ determined by Γ.
We call such Γ as in Proposition 3.14 (1) a Cˆ–chart corresponding to (f,Φ), and
such (f,Φ) as in Proposition 3.14 (2) a hyperelliptic Lefschetz fibration described
by Γ.
Proposition 3.15. Suppose that g is greater than one. Let (f,Φ) and (f ′,Φ′) be
hyperelliptic Lefschetz fibrations of genus g, and Γ and Γ′ Cˆ–charts in B corre-
sponding to (f,Φ) and (f ′,Φ′), respectively.
(1) (f,Φ) is H–isomorphic to (f ′,Φ′) if and only if Γ is transformed into Γ′
by a finite sequence of the following moves: (i) chart moves of type W; (ii) chart
moves of transition; (iii) chart moves of conjugacy type; and (iv) sending Γ to Γ′
by orientation preserving diffeomorphisms h : B → B which satisfies h(b0) = b
′
0.
(2) (f,Φ) is strictly H–isomorphic to (f ′,Φ′) if and only if Γ is transformed into
Γ′ by a finite sequence of the moves (i), (ii), (iii), and (iv) provided that h is isotopic
to the identity relative to a given base point b0.
We end this subsection with a definition of fiber sums of Lefschetz fibrations.
Let f : M → B and f ′ : M ′ → B′ be Lefschetz fibrations of genus g, and ∆ and ∆′
the sets of critical values of f and f ′, respectively. Take base points b0 ∈ B−∆ and
b′0 ∈ B
′−∆′ for f and f ′, orientation preserving diffeomorphisms Φ: Σg → f
−1(b0)
and Φ′ : Σg → f
′−1(b′0), and small disks D0 ⊂ B−∆ and D
′
0 ⊂ B−∆
′ near b0 and
b′0, respectively.
Definition 3.16. Let Ψ: Σg → Σg be an orientation preserving diffeomorphism
and r : ∂D0 → ∂D
′
0 an orientation reversing diffeomorphism. The new manifold
M#FM
′ obtained by glueing M − f−1(IntD0) and M
′ − f ′−1(IntD′0) by (Φ
′ ◦
Ψ ◦ Φ−1) × r admits a Lefschetz fibration f#Ψ f
′ : M#FM
′ → B#B′ of genus
g. We call f#Ψ f
′ the fiber sum of f and f ′ with respect to Ψ. Although the
diffeomorphism type of M#FM
′ and the isomorphism class of f#Ψ f
′ depend on
a choice of the diffeomorphism Ψ in general, we often abbreviate f#Ψ f
′ as f# f ′.
Let ρ : π1(B −∆, b0)→Mg and ρ
′ : π1(B
′ −∆′, b′0)→Mg be the monodromy
representations of f and f ′ with respect to Φ and Φ′, respectively. Consider the
fiber sum f#Ψ f
′ of f and f ′ with respect to Ψ as in Definition 3.16 and the
monodromy representation ρ˜ : π1(B#B
′ − (∆ ∪∆′), b0)→Mg with respect to Φ.
Definition 3.17. Suppose that (f,Φ) and (f ′,Φ′) are hyperelliptic Lefschetz fi-
brations and the isotopy class of Ψ belongs to Hg. We call the pair (f#Ψ f
′,Φ) the
H–fiber sum of (f,Φ) and (f ′,Φ′) with respect to Ψ. The H–fiber sum (f#Ψ f
′,Φ)
is a hyperelliptic Lefschetz fibration because it is easily seen that the image of ρ˜ is
included in Hg.
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Let Γ and Γ′ be Cˆ–charts corresponding to (f,Φ) and (f ′,Φ′), and D0 and
D′0 small disks near b0 and b
′
0 disjoint from Γ and Γ
′, respectively. Connecting
B − IntD0 with B
′ − IntD′0 by a tube, we have a connected sum B#B
′ of B and
B′. Let w be a word in Xˆ ∪ Xˆ−1 which represents the mapping class of Ψ in Hg.
Let Γ#wΓ
′ be the union of Γ, Γ′, and hoops on the tube representing w. Then the
H–fiber sum (f#Ψ f
′,Φ) is described by this new chart Γ#wΓ
′ in B#B′ with base
point b0. If the word w is trivial, then the chart Γ#wΓ
′ is denoted also by Γ⊕ Γ′,
which is called a product of Γ and Γ′.
4. Counting Dirac braid relators
In this section we define a Z2–valued invariant for C0–charts in a given surface
and prove its invariance under several chart moves.
We first give a precise definition of the invariant. Let B be a connected closed
oriented surface and g an integer greater than one.
Definition 4.1. For a C0–chart Γ in B, we denote the number modulo 2 of white
vertices of types r±14 included in Γ by w(Γ). (Note that we named r4 the Dirac
braid relator in §3.2.)
The value of w is obviously invariant under chart moves of conjugacy type. If a
C0–chart Γ with base point b0 is sent to another C0–chart Γ
′ with base point b′0 by
an orientation preserving diffeomorphism h : B → B which satisfies h(b0) = b
′
0, we
have w(Γ) = w(Γ′).
Proposition 4.2. The value of w is invariant under chart moves of type W.
We need a lemma.
Lemma 4.3. For any k = 1, . . . , 2g+1 and a C0–chart depicted in Figure 9, there
exists a filling of the box labeled Tk which includes neither black vertices nor white
vertices of types r±14 . (Note that the sequence of edges labeled 1, . . . , 2g+1 in Figure
9 appears 2g + 2 times on each side of the box.)
2g + 1
1
2g + 1
1
2g + 1
1
k
k
Tk
2g + 1
1
2g + 1
1
2g + 1
1
Figure 9. Subchart without white vertices of types r±14
Proof. Since the element of B2g+2(S
2) represented by (x1x2 · · ·x2g+1)
2g+2 is in-
cluded in the center of B2g+2(S
2), it commutes with each of x1, . . . , x2g+1 in
B2g+2(S
2). Thus the word [xk, (x1x2 · · ·x2g+1)
2g+2] represents the identity ele-
ment of B2g+2(S
2), and there exists a finite sequence of words in X˜ ∪ X˜−1 starting
from the word [xk, (x1x2 · · ·x2g+1)
2g+2] to the empty word such that each word is
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related to the previous one by one of the following transformations: (i) insertion or
deletion of a trivial relator xεx−ε for x ∈ X˜ and ε ∈ {+1,−1}; (ii) insertion of r˜ε
for r˜ ∈ R˜ and ε ∈ {+1,−1}. We first consider a C˜–chart depicted in Figure 9. For
each transformation (i) (resp. (ii)), we create an edge labeled x (resp. a vertex of
type r˜ε). Repeating such creations, we can fill the box labeled Tk with edges and
white vertices of types r˜1(i, j)
±1, r˜2(i)
±1, and r˜±13 . (A similar argument for charts
without white vertices of type r˜±13 can be found in [21, Lemma 15] and [22, §18.2].)
Changing all labels xi of edges into ξi, we obtain a C0–chart which consists of edges
and white vertices of types r1(i, j)
±1, r2(i)
±1, and r±13 . 
of Proposition 4.2. It suffices to show that w(Γ) = 0 for every C0–chart Γ in S
2
without black vertices. Let Γ be such a C0–chart in S
2. We consider a chart move
of type W depicted in Figure 10. Suppose that the box labeled Tk is filled with
edges and white vertices of types r1(i, j)
±1, r2(i)
±1, and r±13 by Lemma 4.3.
2g + 1
1
2g + 1
1
2g + 1
1
r4
k
2g + 1
1
2g + 1
1
2g + 1
1
r4
k
k
Tk
Figure 10. Passing through an edge
Using the sequence of chart moves repeatedly, we can make a C0–chart Γ1 de-
picted in Figure 11 (a) from Γ, where the box labeled Θ1 is filled with edges and
white vertices of types r1(i, j)
±1, r2(i)
±1, and r±13 . The number of white vertices
of type r4 and that of white vertices of type r
−1
4 included in Γ1 are the same as
those for Γ respectively.
Θ1
r±1
4
r±1
4
(a)
Θ2
rε
4
rε
4
(b)
Θ2
w
(c)
Figure 11. Charts Γ1, Γ2, and Γ3
We then apply deaths of pairs of white vertices of types r4 and r
−1
4 as in Figure
3 (c) and sequences of chart moves of type W as in Figure 10 to Γ1 repeatedly to
obtain a C0–chart Γ2 depicted in Figure 11 (b), where the box labeled Θ2 is filled
with edges and white vertices of types r1(i, j)
±1, r2(i)
±1, and r±13 , and ε is equal
to either +1 or −1. Let n be the number of white vertices of type rε4 included in
Γ2. We replace all the white vertices of type r
ε
4 included in Γ2 with black vertices
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of types ℓ0(i)
−ε to obtain a C0–chart Γ3 depicted in Figure 11 (c). The intersec-
tion word w of the dashed arrow with respect to Γ3 in Figure 11 (c) is equal to
(ξ1ξ2 · · · ξ2g+1)
ε(2g+2)n. Changing all labels ξi of edges of Γ3 into xi, we obtain a
C˜–chart Γ˜3 because Γ3 does not contain white vertices of types r
±1
4 . The intersec-
tion word w of the dashed arrow with respect to Γ˜3 in Figure 11 (c) is equal to
(x1x2 · · ·x2g+1)
ε(2g+2)n, which represents the identity element of B2g+2(S
2). Since
the element of B2g+2(S
2) represented by (x1x2 · · ·x2g+1)
2g+2 is of order 2 (see [14,
§9.1.4]), n must be even. Therefore we have
w(Γ) = w(Γ1) = w(Γ2) = w(Γ3) = 0
and this completes the proof. 
Proposition 4.4. Assume that g is odd. Then the value of w is invariant under
chart moves of transition.
We divide chart moves of transition for C0–charts into two classes.
Definition 4.5. A chart move of transition as in Figure 4 is called an L0–move
(resp. L+–move) if C = C0, w ∈ X0 ∪ X
−1
0 , and s, s
′ ∈ {ℓ0(i)
±1 | i = 1, . . . , 2g +
1} (resp. s, s′ ∈ {ℓ±1h |h = 1, . . . , [g/2]}). If s = ξ
ε
k, s
′ = ξεℓ (resp. s = s
′ =
(ξ1ξ2 · · · ξ2h)
ε(4h+2)), and ε ∈ {+1,−1}, then the label T on the box in Figure 4
is also denoted by T1(k, ℓ; ε) (resp. T2(h; ε)). Every chart move of transition for
C0–charts is either an L0–move or an L+–move.
We first show a lemma for L0–moves.
Lemma 4.6. For any k, ℓ = 1, . . . , 2g + 1 and ε ∈ {+1,−1}, there exists a filling
of the box labeled T = T1(k, ℓ; ε) in Figure 4 without black vertices such that the
number of white vertices of type r±14 is even, i.e., the filling consists of edges, white
vertices of types r1(i, j)
±1, r2(i)
±1, r±13 , and an even number of white vertices of
types r±14 .
Proof. We assume that ε = +1 for simplicity. Let ϕ and δi be elements ofM0,2g+2
represented by w and ξi, respectively. Since the intersection word of the boundary
of the box labeled T = T1(k, ℓ; +1) with respect to the C0–chart in Figure 4 is
wsw−1s′−1 = wξkw
−1ξ−1ℓ , we have a relation ϕδkϕ
−1δ−1ℓ = 1 in M0,2g+2.
Case 1: Suppose that k = ℓ. We consider a hyperelliptic involution I on Σg and
think of S2 as the quotient of Σg by the action of I. The image of the simple closed
curve ci in Figure 1 under the double branched covering Σg → S
2 is a simple arc ai
on S2 depicted in Figure 12, and a right-handed half twist Di about ai represents
the mapping class δi. We also consider an additional arc a2g+2 on S
2 as in Figure
12, a right-handed half twist D2g+2 about a2g+2, and the mapping class δ2g+2 of
D2g+2. We think of the indices i of ai, Di, and δi as integers modulo 2g + 2. For
example, a2g+3 = a1.
a1 a2 ai a2g+1
a2g+2
Figure 12. Arcs on S2
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The relation ϕδkϕ
−1 = δk implies that (ak)F is isotopic to ak by Lemma 4.1
of [24], where F is an orientation preserving diffeomorphism on S2 representing
ϕ. Since (ak)Dk = ak and Dk reverses the orientation of ak, we can assume that
either F or FDk fixes ak pointwise. Cutting S
2 along ak, we obtain an orientation
preserving diffeomorphism on a 2–disk which fixes the boundary pointwise. The
mapping class group M10,2g of the 2–disk with 2g marked points is generated by
the half twists about arcs corresponding to a1, . . . , a2g+2 except ak−1 and ak+1 (see
[14, §9.1.3]). Hence ϕ can be factorized as a product of δ±11 , . . . , δ
±1
2g+2 except δ
±1
k−1
and δ±1k+1, and it can be represented by a word w
′ in ξ±11 , . . . , ξ
±1
2g+2 except ξ
±1
k−1 and
ξ±1k+1, where we put ξ2g+2 := ξ1ξ2 · · · ξ2gξ2g+1ξ
−1
2g · · · ξ
−1
2 ξ
−1
1 . It is easily checked
that the relation δ2g+2 = δ1δ2 · · · δ2gδ2g+1δ
−1
2g · · · δ
−1
2 δ
−1
1 holds in M0,2g+2.
We divide the box labeled T1(k, k; +1) into three boxes labeled T1(k), Θ1(k),
and Θ1(k)
∗ as in Figure 13.
k k
w
w
T1(k, k; +1) = k k
w
w
w′
w′
Θ1(k)∗
Θ1(k)
T1(k)
Figure 13. Division of a box
The box labeled Θ1(k) can be filled with edges and white vertices because
both w and w′ represent the same mapping class ϕ. The box labeled Θ1(k)
∗
can be filled with the mirror image of the subchart filling the box labeled Θ1(k)
with edges orientation reversed. Since w′ is a word in ξ±11 , . . . , ξ
±1
2g+1, ξ
±1
2g+2(=
ξ1ξ2 · · · ξ2gξ2g+1ξ
−1
2g · · · ξ
−1
2 ξ
−1
1 ) except ξ
±1
k−1 and ξ
±1
k+1, the box labeled T1(k) can
be filled with copies of three kinds of subcharts depicted in Figure 14. Note that
the subcharts depicted in Figure 14 correspond to ξk, ξi (i 6= k− 1, k, k+1, 2g+2),
and ξ2g+2, respectively. We also need subcharts corresponding to ξ
−1
k , ξ
−1
i (i 6=
k − 1, k, k + 1, 2g + 2), and ξ−12g+2.
k k
k
k
k k
i
i
k k
1 2 k–1 k 2g 2g k k–1 2 1
1 2 k–1 k 2g+1 k k–1 2 1
k–1 k–1
Figure 14. Three kinds of subcharts
The box labeled T1(k) is filled with edges and white vertices of types r1(i, j)
±1
and r2(i)
±1. The number of white vertices of type r±14 included in the box labeled
Θ1(k)
∗ is equal to that for the box labeled Θ1(k). Therefore the box labeled
T1(k, k; +1) is filled with edges, white vertices of types r1(i, j)
±1, r2(i)
±1, r±13 , and
an even number of white vertices of types r±14 .
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Case 2: Suppose that k 6= ℓ. We assume that k < ℓ for simplicity. We put
v := (ξk+1ξk)(ξk+2ξk+1) · · · (ξℓξℓ−1). Since v
−1ξkv and ξℓ represent the same el-
ement of M0,2g+2, and wξkw
−1ξ−1ℓ represents the identity element of M0,2g+2,
vwξk(vw)
−1ξ−1k also represents the identity element of M0,2g+2. We fill the box
labeled T1(k, ℓ; +1) with edges, white vertices of type r2(i)
±1, and a small box
labeled T1(k, k; +1)
′ as in Figure 15.
ℓ k
k
v w
v w
T1(k, k; +1)′
Figure 15. Inside of the box labeled T1(k, ℓ; +1)
By the proof of Case 1, the small box labeled T1(k, k; +1)
′ is filled with edges,
white vertices of types r1(i, j)
±1, r2(i)
±1, r±13 , and an even number of white vertices
of types r±14 , so is the box labeled T1(k, ℓ; +1). 
We next show a lemma for L+–moves.
Lemma 4.7. Assume that g is odd. For any h = 1, . . . , [g/2] and ε ∈ {+1,−1},
there exists a filling of the box labeled T = T2(h; ε) in Figure 4 without black vertices
such that the number of white vertices of type r±14 is even, i.e., the filling consists of
edges, white vertices of types r1(i, j)
±1, r2(i)
±1, r±13 , and an even number of white
vertices of types r±14 .
Proof. We assume that ε = +1 for simplicity. Let ϕ and τh be elements ofM0,2g+2
represented by w and (ξ1ξ2 · · · ξ2h)
4h+2, respectively. Since the intersection word
of the boundary of the box labeled T = T2(h; +1) with respect to the C0–chart
in Figure 4 is wsw−1s′−1 = w(ξ1ξ2 · · · ξ2h)
4h+2w−1(ξ1ξ2 · · · ξ2h)
−(4h+2), we have a
relation ϕτhϕ
−1τ−1h = 1 in M0,2g+2.
We consider a hyperelliptic involution I on Σg and think of S
2 as the quotient
of Σg by the action of I. The image of the simple closed curve sh in Figure 1 under
the double branched covering Σg → S
2 is a simple closed curve bh on S
2 depicted
in Figure 16, and the square of a right-handed Dehn twist Th about bh represents
the mapping class τh. Note that a1, . . . , a2g+1 in Figure 16 are the same arcs as
those depicted in Figure 12.
The relation ϕτhϕ
−1 = τh implies that (bh)F is isotopic to bh (see [14, Fact 3.6]
and [31, Proposition 3.6]), where F is an orientation preserving diffeomorphism on
S2 representing ϕ. Since g is odd, two components of S2 − bh include different
numbers of branch points. Thus we can assume that F fixes bh pointwise. Cutting
S2 along bh, we obtain orientation preserving diffeomorphisms on two 2–disks which
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a1 a2h a2h+2 a2g+1
bh
Figure 16. Simple closed curve bh on S
2
fix the boundary pointwise. The mapping class groupM10,2h+1 (resp. M
1
0,2g−2h+1)
of the 2–disk with 2h + 1 (resp. 2g − 2h + 1) marked points is generated by the
half twists about arcs corresponding to a1, . . . , a2h (resp. a2h+2, . . . , a2g+1) (see [14,
§9.1.3]). Hence ϕ can be factorized as a product of δ±11 , . . . , δ
±1
2h , δ
±1
2h+2, . . . , δ
±1
2g+1,
and it can be represented by a word w′ in ξ±11 , . . . , ξ
±1
2h , ξ
±1
2h+2, . . . , ξ
±1
2g+1.
We divide the box labeled T2(h; +1) into three boxes labeled T2(h), Θ2(h), and
Θ2(h)
∗ as in Figure 17.
ℓ2(h)
w
w
T2(h; +1) = ℓ2(h)
w
w
w′
w′
Θ2(h)∗
Θ2(h)
T2(h)
Figure 17. Division of a box
The box labeled Θ2(h) can be filled with edges and white vertices because both
w and w′ represent the same mapping class ϕ. The box labeled Θ2(h)
∗ can be
filled with the mirror image of the subchart filling the box labeled Θ2(h) with
edges orientation reversed. Since w′ is a word in ξ±11 , . . . , ξ
±1
2h , ξ
±1
2h+2, . . . , ξ
±1
2g+1, the
box labeled T2(h) can be filled with copies of two kinds of subcharts depicted in
Figure 18. Note that the subcharts depicted in Figure 18 (a) and (b) correspond
to ξi (i = 1, . . . , 2h) and ξj (j = 2h+2, . . . , 2g+1), respectively. The boxes labeled
Ωk (k = 2, . . . , 2h) and Ω1 in Figure 18 (a) are filled with the subcharts depicted in
Figure 18 (c) and Figure 19, respectively. We also need subcharts corresponding to
ξ−1i (i = 1, . . . , 2h) and ξ
−1
j (j = 2h+ 2, . . . , 2g + 1).
The box labeled T2(h) is filled with edges and white vertices of types r1(i, j)
±1
and r2(i)
±1. The number of white vertices of type r±14 included in the box labeled
Θ2(h)
∗ is equal to that for the box labeled Θ2(h). Therefore the box labeled
T2(h; +1) is filled with edges, white vertices of types r1(i, j)
±1, r2(i)
±1, r±13 , and
an even number of white vertices of types r±14 . 
We now prove the invariance of w under chart moves of transition.
of Proposition 4.4. Let Γ be a C0–chart Γ in B and Γ
′ a C0–chart in B obtained
from Γ by a chart move of transition. Suppose that the chart move of transition
is an L0–move. Two C0–charts Γ and Γ
′ are related by a chart move as in Figure
4 and the box is labeled T = T1(k, ℓ) for some k, ℓ = 1, . . . , 2g + 1. Let Γ1 be a
C0–chart in B obtained from Γ
′ by replacing the subchart inside the box labeled
T1(k, ℓ) with a subchart satisfying the condition given in Lemma 4.6. By virtue of
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Ωi+1
Ω2h
Ω1
Ω2
Ωi
(a)
2h
1
2h
1
2h
1
j
j
2h
1
2h
1
2h
1
(b)
Ωk =
2h
k+1
k
k–1
k–2
1
k–1
k
2h
k+1
k
k–1
k–2
1
(c)
Figure 18. Two kinds of subcharts
Ω1 =
2h
2h–1
2h–2
2h–3
3
2
1
2h
2h–1
2h–2
4
3
2
1
2h
2h–2
3
2
1
2h
2h–1
2h–2
2h–3
3
2
1
2h
2h–1
2h–2
4
3
2
1
Figure 19. Inside of the box labeled Ω1
Proposition 4.2 and Lemma 4.6, we have w(Γ) = w(Γ1) = w(Γ
′). It follows from a
similar argument together with Proposition 4.2 and Lemma 4.7 that w(Γ) = w(Γ′)
if g is odd and Γ′ is obtained from Γ by an L+–move. Thus we have proved the
proposition. 
5. Stable classification
In this section we define a Z2–valued invariant of hyperelliptic Lefschetz fibra-
tions of odd genus and show a stable classification theorem for hyperelliptic Lef-
schetz fibrations.
We first give a definition of the invariant. Let B be a connected closed oriented
surface and g an integer greater than one.
Definition 5.1. Let (f,Φ) be a hyperelliptic Lefschetz fibration of genus g over
B and ρ : π1(B − ∆, b0) → Hg the monodromy representation with respect to
Φ. Let Γ be a C0–chart in B such that the homomorphism determined by Γ is
equal to ρ0 := π ◦ ρ : π1(B − ∆, b0) → M0,2g+2. Suppose that g is odd. We set
w(f,Φ) := w(Γ), where w(Γ) is an element of Z2 defined in Definition 4.1.
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Remark 5.2. If we have a Cˆ–chart Γˆ corresponding to (f,Φ), a C0–chart Γ above
is obtained from Γˆ by changing the labels ζi of all edges into ξi and replacing all
white vertices of types rˆ±13 and rˆ
±1
5 with C0–subcharts as in Figure 20 and Figure
21. Therefore w(f,Φ) is equal to the number modulo 2 of white vertices of types
rˆ±14 included in Γˆ.
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
rˆ3
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
r3
r3
Figure 20. Replacing a vertex of type rˆ3
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
i
i
rˆ5
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
i
i
r3 r3
Figure 21. Replacing a vertex of type rˆ5
Let (f,Φ) and (f ′,Φ′) be hyperelliptic Lefschetz fibrations of genus g over B.
Proposition 5.3. If g is odd and (f,Φ) is H–isomorphic to (f ′,Φ′), then we have
w(f,Φ) = w(f ′,Φ′).
Proof. The statement follows from Propositions 3.14, 3.15, 4.2, and 4.4. 
Thus w(f,Φ) turns out to be an invariant of the H–isomorphism class of (f,Φ).
We next prove a stable classification theorem for hyperelliptic Lefschetz fibra-
tions, which improves the stabilization theorem shown in [11]. Let (f,Φ) and (f ′,Φ′)
be hyperelliptic Lefschetz fibrations of genus g over B. Let Γ0 be a Cˆ–chart in S
2
depicted in Figure 22 and (f0,Φ0) a hyperelliptic Lefschetz fibration described by
Γ0.
A Hurwitz system of (f0,Φ0) is given by (ζ1, ζ2, . . . , ζ2g+1, ζ2g+1, . . . , ζ2, ζ1)
2.
The total space of f0 is diffeomorphic to CP
2#(4g + 5)CP
2
, which is a natural
generalization of the rational elliptic surface E(1) (see Gompf and Stipsicz [18,
§8.4] and Ito [20]).
Definition 5.4. We say that (f,Φ) is stably isomorphic to (f ′,Φ′) if there exists a
non-negative integer N such that an H–fiber sum (f#Nf0,Φ) is H–isomorphic to
an H–fiber sum (f ′#Nf0,Φ
′).
COUNTING DIRAC BRAID RELATORS 21
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
Figure 22. Cˆ–chart Γ0 in S
2
Remark 5.5. If N is positive, then the H–isomorphism class of an H–fiber sum
(f#Nf0,Φ) does not depend on choices of orientation preserving diffeomorphisms
of Σg used for the construction of (f#Nf0,Φ) (see Proof of Theorem 5.6).
We give a complete classification of the stable isomorphism classes of hyperellip-
tic Lefschetz fibrations of genus g over B.
Theorem 5.6. Let (f,Φ) and (f ′,Φ′) be hyperelliptic Lefschetz fibrations of genus
g over B. Then (f,Φ) is stably isomorphic to (f ′,Φ′) if and only if the following
conditions hold: (i) n±0 (f) = n
±
0 (f
′); (ii) n±h (f) = n
±
h (f
′) for every h = 1, . . . , [g/2];
(iii) w(f,Φ) = w(f ′,Φ′) if g is odd.
Proof. We first prove the ‘if’ part. Assume that (f,Φ) and (f ′,Φ′) satisfy the
conditions (i), (ii), and (iii). Let Γ and Γ′ be Cˆ–charts in B corresponding to (f,Φ)
and (f ′,Φ′), respectively. Since every edge has two adjacent vertices, the sum of
the signed numbers of adjacent edges for all vertices of Γ is equal to zero:
4(2g+1)m3(Γ)+2(g+1)(2g+1)m4(Γ)−
2g+1∑
i=1
n0(i)(Γ)− 4
[g/2]∑
h=1
h(2h+1)nh(Γ) = 0.
A similar equality for Γ′ also holds. Interpreting the conditions (i) and (ii) as
conditions on Γ and Γ′, we have
∑2g+1
i=1 n0(i)(Γ) =
∑2g+1
i=1 n0(i)(Γ
′) and nh(Γ) =
nh(Γ
′) for h = 1, . . . , [g/2]. Thus we obtain
(∗) 2m3(Γ) + (g + 1)m4(Γ) = 2m3(Γ
′) + (g + 1)m4(Γ
′).
Let N be an integer larger than both of the number of edges of Γ and that of Γ′.
Choose a base point b0 ∈ B−(Γ∪Γ
′). The H–fiber sum (f#Nf0,Φ) is described by
a chart (· · · ((Γ#w1Γ0)#w2Γ0) · · · )#wNΓ0 for some words w1, . . . , wN in Xˆ ∪ Xˆ
−1.
Since hoops surrounding Γ0 can be removed by use of the edges of Γ0 as in Figure
23, the chart is transformed into a product Γ⊕NΓ0 by channel changes. Similarly,
the H–fiber sum f ′#Nf0 is described by a product Γ
′ ⊕NΓ0.
We choose and fix 2g + 1 edges of Γ0 which are labeled with 1, 2, . . . , 2g + 1
and adjacent to black vertices. We apply chart moves only to these edges in the
following. Since Γ0 can pass through any edge of Γ as shown in Figure 24, we
can move Γ0 to any region of B − Γ by channel changes. For each edge of Γ, we
move a copy of Γ0 to a region adjacent to the edge and apply a channel change to
the edge and Γ0 as in Figure 24 (a) and (b). Applying chart moves of transition
to each component of the chart as in Figure 25, we remove white vertices of type
rˆ1(i, j)
±1, rˆ2(i)
±1, rˆ±15 to obtain a union of copies of L0(i), Lh, L
′
h, R3, R
′
3, R4, R
′
4,Γ0
shown in Figures 26, 27, where we use a simplification of diagrams as in Figure 28.
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i
1 i 2g+1
T0
i
1 2g+1
T0
1 i 2g+1
T0
Figure 23. Removing a hoop
i
1 i 2g+1
T0
(a)
i i
1 2g+1
T0
(b)
i i
2g+1 1
T0
(c)
i
2g+1 i 1
T0
(d)
Figure 24. Passing through an edge
Although R3 is the same chart as Γ0, we distinguish R3 from Γ0s which do not
come from vertices of type r3 in Γ.
j
i
i
j
j i
j
j
i
j
i
j
i
j
i
i
j
i
1
2g + 1
2g + 1
1
i
1
2g + 1
2g + 1
1
i
1
2g + 1
2g + 1
1
i
1
2g + 1
2g + 1
1
Figure 25. Chart moves of transition
If there is a pair of R3 and R
′
3, we remove them by a death of a pair of white
vertices to obtain 4(2g +1) copies of Γ0. Similarly, we remove a pair of R4 and R
′
4
to obtain 2(g + 1)(2g + 1) copies of Γ0. Since there is at least one Γ0, any copy of
L0(i) can be transformed into L0(1) as in Figure 29.
Thus we have a union Γ1 of n
−
0 (Γ) copies of L0(1), n
+
h (Γ) copies of Lh, n
−
h (Γ)
copies of L′h, |m3(Γ)| copies of R3 (or R
′
3), |m4(Γ)| copies of R4 (or R
′
4), and k
copies of Γ0 for some k. A similar argument implies that Γ
′ ⊕NΓ0 is transformed
into a union Γ′1 of n
−
0 (Γ
′) copies of L0(1), n
+
h (Γ
′) copies of Lh, n
−
h (Γ
′) copies of L′h,
|m3(Γ
′)| copies of R3 (or R
′
3), |m4(Γ
′)| copies of R4 (or R
′
4), and k
′ copies of Γ0
for some k′ by chart moves of type W and chart moves of transition. By virtue of
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i
1
2h
1
2h
1
2h
1
2h
1
2h
1
2h
Figure 26. Charts L0(i), Lh, L
′
h
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
1
2g + 1
2g + 1
1
2g + 1
1
2g + 1
1
2g + 1
1
2g + 1
1
2g + 1
1
2g + 1
1
Figure 27. Charts R3, R
′
3, R4, R
′
4
i
0
i
2g
T0
=
Figure 28. Simplification of diagram
j
0
i
2g
T0
j
i
0
j
2g
T0
j i
j
0 j 2g
T0
i
j
i
j
0 j 2g
T0
i
j
i
0 j 2g
T0
i
0 j 2g
T0
Figure 29. Changing a label (j = i+ 1)
the conditions (i) and (ii) together with n+0 (Γ⊕NΓ0) = n
+
0 (Γ1), n
+
0 (Γ
′ ⊕NΓ0) =
n+0 (Γ
′
1), and the equality (∗), we conclude that k = k
′ because of n+0 (Γ0) 6= 0. Hence
Γ1 and Γ
′
1 have the same numbers of copies of L0(1), Lh, L
′
h, and Γ0, whereas they
may have different numbers of copies of R3 (or R
′
3) and R4 (or R
′
4).
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We can suppose that m4(Γ) ≥ m4(Γ
′) without loss of generality. The number
m4(Γ) −m4(Γ
′) is even because of the equality (∗) for even g and because of the
condition (iii) for odd g. We put 2ℓ := m4(Γ) −m4(Γ
′). Taking N large enough,
we can assume that k > 4ℓ(g + 1)(2g + 1). Applying births of 2ℓ pairs of white
vertices of type rˆ±14 to 4ℓ(g + 1)(2g + 1) copies of Γ0 included in Γ1, we obtain 2ℓ
pairs of R4 and R
′
4. Since 2R4 is transformed into (g+1)R3 by a sequence of chart
moves of type W and chart moves of transition (see [9, Lemma 4.1]), we obtain
(g + 1)ℓR3 from 2ℓR4. We thus have a new chart Γ2. Removing pairs of R3 and
R′3 and those of R4 and R
′
4 included in Γ2 if necessary, Γ2 and Γ
′
1 have the same
numbers of copies of L0(1), Lh, L
′
h, R3 (or R
′
3), R4 (or R
′
4), and Γ0 because of the
equality (∗). Then Γ2 is transformed into Γ
′
1 by an ambient isotopy of B relative to
b0, which means that Γ⊕NΓ0 is transformed into Γ
′⊕NΓ0 by chart moves of type
W, chart moves of transition, and ambient isotopies of B relative to b0. Therefore
f#Nf0 is (strictly) H–isomorphic to f
′#Nf0 by Proposition 3.15.
We next prove the ‘only if’ part. Take a non-negative integerN so that (f#Nf0,Φ)
is H–isomorphic to (f ′#Nf0,Φ
′). Since an H–isomorphism preserves numbers
and types of vanishing cycles and the invariant w (see Proposition 5.3), we have
n±0 (f#Nf0) = n
±
0 (f
′#Nf0), n
±
h (f#Nf0) = n
±
h (f
′#Nf0) for every h = 1, . . . , [g/2],
and w(f#Nf0,Φ) = w(f
′#Nf0,Φ
′). The conditions (i), (ii), (iii) follows from ad-
ditivity of n±0 , n
±
h , w under H–fiber sum. 
Remark 5.7. Theorem 5.6 is also valid for any hyperelliptic Lefschetz fibration
(f0,Φ0) which satisfies the following conditions: (i) f0 is chiral and irreducible; (ii)
the base space of f0 is S
2; (iii) a Hurwitz system of f0 with respect to Φ0 includes
at least one ζi for every i = 1, . . . , 2g + 1 (cf. Auroux [1] and [10, Definition 4.1]).
Remark 5.8. Auroux and Smith [3, §2.1] remarked that the existence of a certain
Z2-valued invariant and a stabilization theorem for hyperelliptic Lefschetz fibra-
tions follow from a result of Kharlamov and Kulikov [26] about braid monodromy
factorizations. Although they did not give any precise definition of the invariant, we
expect that their invariant would be the same as the invariant w and their theorem
would be similar to (a part of) Theorem 5.6.
6. Examples and remarks
In this section we exhibit examples of stabilizations of hyperelliptic Lefschetz
fibrations and examples of pairs of hyperelliptic Lefschetz fibrations which are not
stably equivalent, and make a few remarks. We do not specify hyperelliptic struc-
tures of Lefschetz fibrations in the following because they are obvious from given
Hurwitz systems.
We first show an example of non-isomorphic pair of irreducible chiral hyperel-
liptic Lefschetz fibrations which become isomorphic after one stabilization.
Example 6.1. Let g be an integer greater than one. We consider the following
Hurwitz systems.
CII := (ζ1, ζ2, . . . , ζ2g)
4g+2, I2g := (ζ1, ζ2, . . . , ζ2g+1, ζ2g+1, . . . , ζ2, ζ1)
2g.
Let fCII : MCII → S
2 and fI2g : MI2g → S
2 be the hyperelliptic Lefschetz fibra-
tions of genus g determined by CII and I
2g, respectively. fI2g is nothing but the
(untwisted) H–fiber sum of g copies of f0 in Section 5. Both fCII and fI2g are
irreducible, chiral and have 4g(2g + 1) singular fibers. They are not H–isomorphic
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because the images of their monodromy representations are different (see [8, Ex-
ample 4.14]). Moreover the manifolds MCII and MI2g are homeomorphic but not
diffeomorphic by Freedman’s theorem and a theorem of Usher [39] (see [9, Remark
4.9]). In particular fCII and fI2g are not isomorphic. On the other hand, the (un-
twisted) H–fiber sums fCII#f0 and fI2g#f0 are H–isomorphic because a Hurwitz
system of fCII#f0 is transformed into that of fI2g#f0 by elementary transforma-
tions and simultaneous conjugations (see [9, Lemma 4.1]).
We next show an example of non-isomorphic pair of chiral hyperelliptic Lef-
schetz fibrations with singular fiber of type IIg/2 which become isomorphic after
one stabilization.
Example 6.2. Let g be an even integer greater than one. We consider the following
Hurwitz systems.
PJ := ((ζ1ζ2 · · · ζ2g)
2g+2, (ζ′g+1, . . . , ζ
′
3, ζ
′
2), . . . , (ζ
′
2g, . . . , ζ
′
g+2, ζ
′
g+1),
(ζg+1, . . . , ζ3, ζ2), . . . , (ζ2g, . . . , ζg+2, ζg+1), (ζ1, ζ2, . . . , ζ2g)
2g+1),
where ζ′i := (ζ
−1
g · · · ζ
−1
2 ζ
−1
1 )
g+1ζi(ζ1ζ2 · · · ζg)
g+1, and
RIg−1 := ((ζg · · · ζ2ζ1)
2g+2, ζ−11 ζ
−1
2 · · · ζ
−1
g ζg+1ζg · · · ζ2ζ1,
ζ−12 ζ
−1
3 · · · ζ
−1
g+1ζg+2ζg+1 · · · ζ3ζ2, . . . , ζ
−1
g+1ζ
−1
g+2 · · · ζ
−1
2g ζ2g+1ζ2g · · · ζg+2ζg+1,
(ζ1, ζ2, . . . , ζ2g+1, ζ2g+1, . . . , ζ2, ζ1)
g−1).
Let fPJ : MPJ → S
2 and fRIg−1 : MRIg−1 → S
2 be the hyperelliptic Lefschetz
fibrations of genus g determined by PJ and RIg−1, respectively. Both PJ and
RIg−1 are chiral and have 6g2 + 2g + 1 singular fibers. One singular fiber is of
type IIg/2 and the others are of type I. The manifolds MPJ and MRIg−1 are home-
omorphic but not diffeomorphic (see [9, Theorem 4.8] for g ≥ 4 and Sato [34,
Answer to Question 5.1] for g = 2). In particular fPJ and fRIg−1 are not isomor-
phic. On the other hand, the (untwisted) H–fiber sums fPJ#f0 and fRIg−1#f0
are H–isomorphic because a Hurwitz system of fPJ#f0 is transformed into that of
fRIg−1#f0 by elementary transformations and simultaneous conjugations (see [9,
Theorem 4.10]).
We then show an example of pair of irreducible chiral hyperelliptic Lefschetz
fibrations with the same number of singular fibers which are not stably isomorphic.
Example 6.3. Let g be an odd integer greater than one. We consider the following
Hurwitz systems.
CI := (ζ1, ζ2, . . . , ζ2g+1)
2g+2, Ig+1 := (ζ1, ζ2, . . . , ζ2g+1, ζ2g+1, . . . , ζ2, ζ1)
g+1.
Let fCI : MCI → S
2 and fIg+1 : MIg+1 → S
2 be the hyperelliptic Lefschetz fibra-
tions of genus g determined by CI and I
g+1, respectively. fIg+1 is nothing but the
(untwisted) H–fiber sum of (g + 1)/2 copies of f0 in Section 5. Both fCI and fIg+1
are irreducible, chiral and have 2(g + 1)(2g + 1) singular fibers. Cˆ–charts corre-
sponding to fCI and fIg+1 are R4 and ((g+1)/2)R3 (= ((g+1)/2)Γ0), respectively
(see Figure 27 and Figure 22). The values of the invariant w for fCI and fIg+1 are
computed as follows (see Definition 4.1 and Definition 5.1).
w(fCI) = w(R4) = 1, w(fIg+1) = w
((
g + 1
2
)
R3
)
=
g + 1
2
w(R3) = 0.
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Therefore fCI and fIg+1 are not stably isomorphic by Theorem 5.6. Since the
images of monodromy representations of the (untwisted) H–fiber sums fCI#Nf0
and fIg+1#Nf0 coincide with Hg for any positive integer N , they are not even
isomorphic by virtue of Proposition 2.7.
Both manifolds MCI and MIg+1 are simply-connected and have the Euler char-
acteristic 2(2g2 + g + 3) and signature −2(g + 1)2. If g ≡ 3 (mod4), then MIg+1
is spin while MCI is not. Hence they are not homeomorphic. If g ≡ 1 (mod 4),
then both MCI and MIg+1 are not spin, and they are homeomorphic by Freedman’s
theorem. Since MCI has a (−1)–section and MIg+1 is a non-trivial fiber sum, they
are not diffeomorphic by a theorem of Usher [39]. The fact that fCI and fIg+1 are
not isomorphic also follows from this observation, or from a result of Smith [37]
and Stipsicz [38].
We lastly show an example of pair of chiral hyperelliptic Lefschetz fibrations
with the same numbers of singular fibers of each type which have a singular fiber
of type II(g−1)/2 and are not stably isomorphic.
Example 6.4. Let g be an odd integer greater than one. We consider the following
Hurwitz systems.
Q := ((ζ1, ζ2, . . . , ζ2g+1)
g+2, (ζg−1 · · · ζ2ζ1)
2g, (ζg−1, . . . , ζ2, ζ1)
2,
ζ−11 ζ
−1
2 · · · ζ
−1
g−1ζgζg−1 · · · ζ2ζ1, ζ
−1
2 ζ
−1
3 · · · ζ
−1
g ζg+1ζg · · · ζ3ζ2,
. . . , ζ−1g+2ζ
−1
g+3 · · · ζ
−1
2g ζ2g+1ζ2g · · · ζg+3ζg+2),
R := (ζ1, ζ2, . . . , ζ2g+1, (ζg−1 · · · ζ2ζ1)
2g, (ζg−1, . . . , ζ2, ζ1)
2,
ζ−11 ζ
−1
2 · · · ζ
−1
g−1ζgζg−1 · · · ζ2ζ1, ζ
−1
2 ζ
−1
3 · · · ζ
−1
g ζg+1ζg · · · ζ3ζ2,
. . . , ζ−1g+2ζ
−1
g+3 · · · ζ
−1
2g ζ2g+1ζ2g · · · ζg+3ζg+2, (ζ2g+1, . . . , ζ2, ζ1)
g+1).
Let fQ : MQ → S
2 and fR : MR → S
2 be the hyperelliptic Lefschetz fibrations of
genus g determined by Q and R, respectively. Both fQ and fR are chiral and have
2g2 + 8g + 3 singular fibers. One singular fiber is of type II(g−1)/2 and the others
are of type I. From the constructions of Q and R shown in [9, Lemma 3.4, Theorem
3.5] together with correspondence between moves for Hurwitz systems and those
for Cˆ–charts (see [11, Lemma 20]), we can see that a Cˆ–chart corresponding to fQ
has one white vertex of type rˆ4 while that for fR has no white vertices of type rˆ
±1
4 .
Thus we conclude that w(fQ) = 1 and w(fR) = 0, and fQ and fR are not stably
isomorphic by Theorem 5.6. Since the images of monodromy representations of the
(untwisted) H–fiber sums fQ#Nf0 and fR#Nf0 coincide with Hg for any positive
integer N , they are not even isomorphic by virtue of Proposition 2.7.
Both manifolds MQ and MR are simply-connected, non-spin and have the Euler
characteristic 2g2+4g+7 and signature−(g+1)2. Hence they are homeomorphic by
Freedman’s theorem. It does not seem to be known whether they are diffeomorphic.
We end this section by making two remarks.
Remark 6.5. For a pair of stably isomorphic hyperelliptic Lefschetz fibrations, it
is not easy to determine the minimal number of copies of f0 which make them
H–isomorphic. In particular, it does not seem to be known whether there exists
a pair of stably isomorphic hyperelliptic Lefschetz fibrations which do not become
H–isomorphic after taking an H–fiber sum with one copy of f0. On the other
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hand, the following observation shows that there are many examples of non-H-
isomorphic hyperelliptic Lefschetz fibrations with the same base, the same fiber,
and the same numbers of singular fibers of each type which become H-isomorphic
after one stabilization.
Let g be an integer greater than one and B1, . . . , Br connected closed oriented
surfaces. We consider a hyperelliptic Lefschetz fibration fi : Mi → Bi of genus g
for each i ∈ {1, . . . , r}, and (possibly different) H-fiber sums f and f ′ of f1, . . . , fr.
It is shown by the same argument as the proof of [10, Proposition 4.10] that H-fiber
sums f#f0 and f
′#f0 are isomorphic to each other. For example, various H-fiber
sums of (generalizations of) Matsumoto’s fibration studied by Ozbagci and Stipsicz
[30] and Korkmaz [27] become H-isomorphic after one stabilization.
Remark 6.6. We consider the following Hurwitz systems in H3.
U := ((ζ1ζ2)
6, ζ′3, ζ
′
2, ζ
′
1, ζ
′
4, ζ
′
3, ζ
′
2, ζ
′
5, ζ
′
4, ζ
′
3, ζ
′
6, ζ
′
5, ζ
′
4, ζ
′
7, ζ
′
6, ζ
′
5,
ζ3, ζ2, ζ1, ζ4, ζ3, ζ2, ζ5, ζ4, ζ3, ζ6, ζ5, ζ4, ζ7, ζ6, ζ5, ζ1, . . . , ζ7, ζ1, . . . , ζ7),
V := ((ζ1ζ2)
6, ζ′3, ζ
′
2, ζ
′
1, ζ
′
4, ζ
′
3, ζ
′
2, ζ
′
5, ζ
′
4, ζ
′
3, ζ
′
6, ζ
′
5, ζ
′
4, ζ
′
7, ζ
′
6, ζ
′
5,
ζ3, ζ2, ζ1, ζ4, ζ3, ζ2, ζ5, ζ4, ζ3, ζ6, ζ5, ζ4, ζ7, ζ6, ζ5, ζ
′′
1 , . . . , ζ
′′
7 , ζ1, . . . , ζ7),
where ζ′i := (ζ
−1
2 ζ
−1
1 )
3ζi(ζ1ζ2)
3 and ζ′′i := (ζ
−1
7 · · · ζ
−1
1 )
3ζi(ζ1 · · · ζ7)
3. Let fU :
MU → S
2 and fV : MV → S
2 be the hyperelliptic Lefschetz fibrations of genus
3 determined by U and V , respectively. Both fU and fV are chiral and have 45
singular fibers. One singular fiber is of type II1 and the others are of type I.
Both manifolds MU and MV are simply-connected, non-spin and have the Euler
characteristic 37 and signature −25. Hence they are homeomorphic by Freedman’s
theorem. Cˆ–charts corresponding to fU and fV are ΓU and ΓV depicted in Figure
30 and Figure 31, respectively (see also Figure 32).
1 2 1 2 1 2
3 2 1 7 6 5
1 2 1 2 1 2
3 2 1 7 6 5
Ω Ω
1 7 1 7 1 7 1 7 1 7 1 7
1 7 1 7
Figure 30. Chart ΓU
Since both ΓU and ΓV have a white vertex of type rˆ4, we conclude that w(fU ) =
w(fV ) = 1, and that fU and fV are stably isomorphic by Theorem 5.6. In fact
it is not difficult to see that the (untwisted) H–fiber sums fU#f0 and fV#f0 are
H–isomorphic (and hence isomorphic by Proposition 2.7) by applying chart moves
to ΓU ⊕ Γ0 and ΓV ⊕ Γ0. It is not clear whether fU and fV are H–isomorphic,
and whether MU and MV are diffeomorphic. It would be worth noting that MU
and MV can not be distinguished by Usher’s theorem [39] because both fU and
fV have a (−1)–section. Two Hurwitz systems U and V are related by a ‘partial
twisting’ operation, namely, V is obtained from U by replacing (ζ1, . . . , ζ7) with
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1 2 1 2 1 2
3 2 1 7 6 5
1 2 1 2 1 2
3 2 1 7 6 5
Ω Ω
1 7
1 7 1 7 1 7 1 7 1 7 1 7
1 7
Figure 31. Chart ΓV
Ω =
1 2 1 2 1 2 3 2 1 4 3 2 5 4 3 6 5 4 7 6 5
1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7
2
3
4
5
6
3 2 1 4
3 2 5
4 3 6
5 4 7
3
4
5
6
2
3
4
53
4
5
6 6
Figure 32. Inside of the box labeled Ω
(ζ′′1 , . . . , ζ
′′
7 ). Such pairs of Hurwitz systems often yield pairs of 4–manifolds with
subtle difference (see works of Auroux [2] and Yasui [40]).
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